ABSTRACT. Sufficient conditions are given for an algebra over a totally ordered field F to be isomorphic to a subring of the algebra of quaternions over the real closure of F. These conditions include either the requirement that the nonnegative scalars form a maximal cone in the algebra, or that the algebra have an involution such that the scalars are the only symmetric elements. For many matrix algebras, the cone requirement alone is imposed. The symbol R denotes the R-algebra of all « x « matrices over R. A subring of R that contains the transpose of each of its elements will be called self-
adjoint.
Note that any «-dimensional R-space has an inner product, so that any subring of R is a ring of operators on an «-dimensional P-space with an inner product.
3. Maximal cones and quadratic polynomials. In this section, A always denotes an F-algebra with identity. The basic lemmas are proved here, and some applications made. Further applications will be given in the last section. It follows that b satisfies a quadratic polynomial over R. In particular, we have (a + r) + s = 0 for some r, s £ R. If s < 0, then there exists t e R such that -s = t , whence (a + r -t)(a + r + t) = 0; but the maximality of M implies that A n R -F, so that a + r -t 4 0 and a + r + t 4 Q, which is impossible in A.
Hence s > 0. The conclusions now follow from Proposition 2.
4. Algebras with an involution and matrix rings. In this section we obtain further embeddings, using the same tools, but starting with somewhat different hypotheses. We assume throughout that the ring A has an identity.
Theorem 2. Let A be an F -algebra such that the only symmetric elements are the scalars* Assume that for each nonzero skew a € A, we have aa > 0 in F. Thus, (2) holds with a = x.
We now assume that there exists a nonzero y £ C~(x). Since x is skew, it is easy to see that y* £ C~(x), whence y -y* £ C~(x); and y -y* / 0, for otherwise y would be a scalar, which is impossible. So we may assume that y is skew. Lemma 10 gives the result for B if « -2, and the corollary to Theorem 2 applies if « is even and « > 2, because transposition is an automorphism making B into an F -algebra of the required type. Since the conclusions hold for B, and in each case cp" preserves scalars, they also hold for A.
